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Rings of Prime Characteristic Homological Tools Upgrading to Koszul Complexes

Throughout, R is a Noetherian ring of prime characteristic p > 0.
Such rings are equipped with a Frobenius endomorphism

F : R → R Fe : R → R
x 7→ x p x 7→ xpe

Definition
The Frobenius pushforward F∗R is the R-algebra with:

elements of the form p
√

x for x ∈ R,
p
√

x + p
√y = p

√
x + y and p

√
x · p

√y = p
√xy, and

r · p
√

x = p√rpx for all r ∈ R.
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Example
Let k = Z/pZ and let R = k[x]. Then F∗R is generated by
a = p

√
x satisfying ap = x showing

F∗R ∼=
R[a]

(ap − x)
=

p−1⊕
i=0

Rai

Example

For R = k[x]/(x2) ( p
√

x )2 =
p√x2 = 0 showing a = p

√
x satisfies

a2 = 0 and ap = x. Hence

F∗R ∼=
R[a]

(ap − x, a2)
=

R[a]
(x, a2)

∼= k ⊕ ka

We say R is F-finite if F∗R is f.g. as an R-module.
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For F-finite local rings, the homological data of F∗R classifies the
regularity of the ring.

Theorem
[Kunz ’69] R is regular ⇐⇒ pdR(F∗R) < ∞.

[Blanco-Majadas ’98] R is a local complete intersection ⇐⇒
CI-dimR(F∗R) < ∞.

[Takahashi-Yoshino ’04] R is Gorenstein ⇐⇒
GpdR(Fe

∗R) < ∞ for some e.

Question
Why does F∗R encode the regularity of R?
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Rings of Prime Characteristic Homological Tools Upgrading to Koszul Complexes

Definition
An R-complex M is a family of R-linear maps

· · · → Mn+1
∂M

n+1−−−→ Mn
∂M

n−−→ Mn−1 → . . .

with ∂M
n ◦ ∂M

n+1 = 0.

A chain map f : M → N is a family of R-linear maps

. . . Mn+1 Mn Mn−1 . . .

. . . Nn+1 Nn Nn−1 . . .

∂M
n+1

fn+1

∂M
n

fn fn−1

∂N
n+1 ∂N

n

Example
Every R-module is a complex concentrated in degree n = 0 with
trivial differential. A chain map of modules is exactly a linear map.
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Definition
The nth-homology module Hn(M ) for a complex M is

Hn(M ) =
ker(∂M

n )

im(∂M
n+1)

A quasi-isomorphism f : M '→ N is a chain map inducing
isomorphisms Hn(f ) : Hn(M )

∼=→ Hn(N ).

Example
A projective resolution P of a module M is equivalent to a
quasi-isomorphism P '→ M from a complex P of projectives to M

. . . P1 P0 0 . . .

. . . 0 M 0 . . .
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Rings of Prime Characteristic Homological Tools Upgrading to Koszul Complexes

Definition
The level of M against N , denoted levelNR (M ), is the smallest
integer d such that there is a resolution X '→ M of the form

0 → Xd−1 → Xd−2 → · · · → X1 → X0 → 0

with each Xi a direct summand of some N⊕qi . We write N ⇒ M
if levelNR (M ) < ∞.

We call G a generator if G ⇒ M for all f.g. modules M .

Example
Let R be a Noetherian ring and M a f.g. R-module.

levelRR(M ) < ∞ ⇔ M has a finite length
projective resolution ⇔ pdR(M ) < ∞
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Rings of Prime Characteristic Homological Tools Upgrading to Koszul Complexes

Heuristic
Let Hdim be a homological dimension (pdR,CI-dimR,GpdR,
etc.), and let M ,N be two modules with N ⇒ M .
If Hdim(N ) < ∞ then Hdim(M ) < ∞.

If G is a generator and Hdim(G) < ∞ then Hdim(M ) < ∞ for all
f.g. modules, showing G detects homological properties of R itself.
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Theorem (Ballard-Iyengar-Lank-Mukhophadyay-Pollitz ’25)
Let R be an F-finite ring, then Fe

∗R is a generator for e � 0.
Moreover if R is a locally complete intersection then the first
pushforward F∗R is a generator.

The proof uses two key ingredients:

1. A local-to-global principal from Benson-Iyengar-Krause ’15:

Fe
∗R is a generator ⇐⇒ Fe

∗Rp ⇒ κ(p)
for all p ∈ Spec(R)

2a. In the general case the level is bounded above by
edim(Rp) + 1 using simplicial algebras.

2b. In the locally complete intersection case cohomological
supports and a theorem of Stevenson ’14 show the level is
finite without constructing an upper bound.
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Question
Is levelF∗R

R (k) ≤ edim(R) + 1 for an F-finite local complete
intersection?
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Definition
Let f ∈ R, then the Koszul complex on f over R is the complex

KR(f ) : Re f−→ R1

KR(f ) also carries a graded-algebra structure by setting e2 = 0.

When f ∈ R is a non-zerodivisor, then KR(f ) '→
R

R/f = S .
Quasi-isomorphisms preserve homological data, so we can work
with KR(f ) instead of S .
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Definition (- ’26)
The Frobenius endomorphism for E = KR(f ) is the chain map
FE : E → E given by

Re R1

Re R1

f

f p−1·FR FR

f

Letting A = F∗R, the Frobenius pushforward of E is the complex
F∗E = KA( p

√
f )

F∗E : A p√e
p√f
−−→ A1

The E-algebra structure is given by e · (−) = p
√

f p−1 · p
√

e · (−).
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Example
Let k = Z/3Z, R = k[x], and f = x2.

Setting a = 3
√

x

F∗R ∼=
R[a]

(a3 − x)
∼= R1 ⊕ Ra ⊕ Ra2

Letting E = KR(f ) and A = F∗R we see

F∗E : A 3√e a2
−→ A1

whose action by e is
e · (−) = (a2)2 3√e · x = xa 3√e · (−)

Representing the differential and multiplication as a matrix

∂ =

0 x 0
0 0 x
1 0 0

 e · (−) =

0 0 x2

x 0 0
0 x 0


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e · (−) = (a2)2 3√e · x = xa 3√e · (−)

Representing the differential and multiplication as a matrix

∂ =

0 x 0
0 0 x
1 0 0

 e · (−) =

0 0 x2

x 0 0
0 x 0


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Theorem (- ’26)
Let (R,m, k) be an F -finite regular local ring, f ∈ R, and
E = KR(f ). Then levelF∗E

E (k) ≤ edim(R) + 1 and F∗E is a
generator.

Corollary (-, ’26)
Let R be an F -finite ring which is locally hypersurface, then

levelF∗Rp

Rp
(κ(p)) ≤ edim(R) + 1 < ∞ for all p ∈ Spec(R)
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Thank you!
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